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Abstract 

It is known that the second Leibniz homology group HL2(stl n (R)) of the Steinberg 
Leibniz algebra stl n (R) is trivial for n > 5. In this paper, we determine HL2(stl n (R)) 
explicitly (which are shown to be not necessarily trivial) for n = 3, 4 without any 
assumption on the base ring. 

§1 Introduction 

The concept of Leibniz algebras was introduced by Loday [Lo] in the study of Leibniz 
homology as a noncommutative analog of Lie algebras homology. A Leibniz algebra L is a 
vector space equipped with a A'-bilinear map [ , ]: LxL — > L satisfying the Leibniz identity 
[x, [y,z]} = [[x, y],z] — [[x, z],y] for all x,y,z G L, where K is a unital commutative ring. 
Clearly, a Lie algebra is a Leibniz algebra. For any Leibniz algebra L there is an associated Lie 
algebra L Lie = L/([x,x\), where ([a;, a;]) is the two-sided ideal generated by all [a;, a;], a; G L. 
To study the second Leibniz homology group of Lie algebra sl n (R) and Steinberg Lie algebra 
stn(R), Loday and Pirashvili [LP] introduced also the noncommutative Steinberg Leibniz 
algebra sti n (R), where R is an associative algebra over a commutative ring K. In [L], 
Steinberg Leibniz algebra and its superalgebra were dicussed. Steinberg Lie algebras and 
their universal central extensions have been studied by many authors (e.g., [Bl, KL, Ka, 
Gl, G2, GS]). In most situations, the Steinberg Lie algebra stn(R) is the universal central 
extension of the Lie algebra sl n (R) whose kernel is isomorphic to the first cyclic homology 
group HCi(R) of the associative algebra R and the second Lie algebra homology group 
H 2 (st n (R)) = 0. In [Bl] and [KL], it was proved that H 2 (si n {R)) = for n > 5. In [KL], it 
was mentioned without proof that H2(sin(R)) = for n = 3,4 if ^ G the base ring K. This 
was proved in [Gl] for n — 3 if | 6 K and for n = 4 if | G K. Gao and Shang [GS] generalize 
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the result without any assumption on K. Since si\ n (R)ue — sin(R), it is natural to consider 
the Second homology group H L 2 (stl n (R)) of the Steinberg Leibniz algebra sti n (R) in the 
category of Leibniz algebras. In [LP], Loday and Pirashvili proved that H L 2 (stl n (R)) = 
for n > 5. 

Motivated by [GS], in this paper, we will determine HL 2 (sU n (R)) explicitly for n = 3,4 
(which are not necessarily trivial) . It is equivalent to work on the Steinberg Leibniz algebras 
sti n (R) of small characteristic for small n. This completes the determination of the universal 
central extension of the Leibniz algebras si[ n (R) and sl n (R) as well. We would like to remark 
that since skew-symmetry does not hold for Leibniz algebras, some different approach to solve 
the problem seems to be necessary. This is also one of our motivation to present this paper. 
The main result in this paper is the following theorem (cf. Theorem 3.5 and 4.4), where the 
result for the first case was obtained in [LP]. 

Theorem 1.1 The second homology group of Steiberg Leibniz algebra stl n (R) (cf. Definition 
2.4) is 



HL 2 (stl n (R)) = < 



if n > 5, 
Rl ^ n = 4, 
R% ^ n = 3, 



where R 2 , R% are defined in Definition 3.2 and Definition 4.1. 

The paper is organized as follows. In Section 2, we review some basic definitions and 
results on Steinberg Leibniz algebras stl n (R). Section 3 will discuss the n = 4 case. Section 
4 will handle the n = 3 case. 

§2 Preliminary Let K be a unital commutative ring. 

Definition 2.1 A Leibniz algebra L is a vector space equipped with a K-bilinear map [•, •] : 
L x L — > L, satisfying the Leibniz identity 

[zjy^]] = - for all x, y, z G L. (2.1) 

Clearly, a Lie algebra is a Leibniz algebra. For any Leibniz algebra L there is an associated 
Lie algebra L Lie = L/([x,x]), where ([x, x]) is the two-sided ideal generated by all [x, x],x G 
L. 

Definition 2.2 Let L be a Leibniz algebra over K, defined the boundary map 5 n : L® n — > 

5 n (xi ®X 2 --- ®X n ) = (-l)^ 1 ^ <g> • • • <g> Xi-i <g> [Xi, Xj] (g) X i+ i (g) • • • <g) Xj (g) • • -x n , 

l<i<j<n 
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where £j means that the element Xj is omitted. The complex (L® n , S) (where L° = K 
and S\ = 0) gives the Leibniz homology HL*(L) of the Leibniz algebra L and HL n (L) = 
Ker S n /lmS n+ i is called the n-th homology group of L. 

Let L be a Leibniz algebra over K, the center of L is defined to be 

{z e L\ [z,L] = [L,z] = 0}. 

A Leibniz algebra L is called perfect if [L, L] = L. A central extension of L is a pair (L, it) 
where L is a Leibniz algebra, and n : L — > L is a surjective homomorphism such that Ker7r 
lies in the center of L and the exact sequence 

-> Kervr -> L -> L -»• 0, 

splits as ^-modules. The pair (L, ir) is a universal central extension of L if for every central 
extension (L, r) of L there is a unique homomorphism ^ : L — > L such that t oip — tt. 
The following result can be found in [LP] . 

Proposition 2.3 TTie universal central extension of a Leibniz algebra L exists if and only 
if L is perfect. The universal central extension is unique up to isomorphism. If(L,n) is the 
universal central extension of L, then HL 2 (L) = Ker7r. 

Let R be a unital associative i^-algebra. We always assume that R has a i^-basis {r\ | A G 
A} (where A is an index set), which contains the unit 1 of R. We denote by gl n {R) (where 
n > 3) the Leibniz algebra consisting of all n x n matrices with coefficients in R (which is 
in fact a Lie algebra), whose bracket is as follows. 

[E i:j (a),E k i(b)] = S jk E u (ab) - S u E kj (ba), 

for a, b e R, 1 < i,j,k,l < n, where E^x) is the matrix with only non-zero element x in 
position 

The subalgebra sl n (R) := [gl n (R), gl n (R)] of gl n {R) is generated by the elements Eij(a), 
a&R, l<i^j<n, satisfying 

[E lj (a),E jk (b)]=E ik (ab), (2.2) 
[E tj {a),E ki {b)] = -E kj {ba), (2.3) 

for k distinct and 

[Eijia), E kl {b)\ =0 for j ^ k, i ^ I. (2.4) 
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Definition 2.4 [LP] For n > 3, the Steinberg Leibniz algebra sti n (R) is a Leibniz algebra 
over K defined by generators Xij(a), aER, l<i^j<n, subject to the relations 

X ij (k 1 a + k 2 b) = kiXij(a) + k 2 X i:j (b) for a,b G R, h, k 2 G K, (2.5) 

[X tJ (a),X jk (b)]=X tk (ab), (2.6) 

[X ij (a),X ki (b)} = -X kj (ba) for distinct i,j,k, (2.7) 

[X tJ (a),X kl (b)] = for j ^ k,i ^ I, (2.8) 

where a, b G R, 1 < i, j, A;, I < n. 

One observes that both Leibniz algebras sl n (R) and stl n (i?) are perfect since 1 G -R. 
Define the Leibniz algebra homomorphism <fi : stl n (R) — > sl n (R) by 0(Xj,,'(a)) = Eij(a). 
Obviously, <fi is an epimorphism. 

The following result can be found in [LP, KL]. 

Theorem 2.5 Forn > 3 the kernel of central in sil n (R) and is isomorphic to HHi(R). 
Moreover if n > 5 then 

-> HHiiR) -> 5tl„(i?) -> sZ n (i2) -> 

is £/ie universal central extension of sl n (R) (in the category of Leibniz algebras). 

Here and below, HHi(R) denotes the Hochschild homology group of R with coefficients 
in R. This result means HL 2 (stl n (R)) = for n > 5 and the universal central extension of 
sl n (R) is also the universal central extension of stl n (R), denoted by stl n (R). Our purpose is 
to determine stl n (R) for any ring K and n > 3. The following proposition can be similarly 
proved as in [AF] for the Steinberg unitary Lie algebra case(Jacobi identity of Lie algebra 
replaced by Leibniz identity). 

Lemma 2.6 Let H := J2i<i^j< n [Xij(R), Xji(R)}. Then H is a subalgebra of stl n (R) con- 
taining the center of stl n (R) such that [H, X i j(R)] C Xij(R). Moreover, 

stl n (R) = H® Yl Xij(R). (2.9) 

For a fixed if-basis {r x | A G A} of R, clearly 

T := {Xij(r x ) | A G A, 1 < i± j < n}, (2.10) 

is a K-basis of stl n (R). 

We will see (cf. Lemma 2.8) that the subalgebra H has a more refined structure. Setting 

T ij (a,b) = [X ij (a),X ji (b)], (2.11) 
t(a,b) =T y (a,6) -T^l), (2.12) 

for a,b £ R,l < i ^ j < n. Note that Tij(a,b) is i^-bilinear, and so is t(a,b). Further we 
have the following 
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Lemma 2.7 For a,b,c G R and distinct i,j, k, we have 

(1) T^a, be) = T ik (ab, c) + T kj (ca, b), 

(2) T kj (c,l)+T jk (c,l) = 0, 

(3) t(a,b) does not depend on the choice of j . 

Proof. Using Leibniz identity and the relations of generators of stl n (R), one has 

T i3 (a,bc) = [X lj (a),X ji (bc)] = [X lj (a),[X jk (b),X ki (c)]} 

= [[X i:j (a),X jk (b)},X ki (c)} - [[X l:j (a),X kl (c)},X 3k (b)] 

= [X ik (ab),X ki (c)] - [-X kj (ca),X jk (b)] 

= T ik (ab,c) +T kj (ca,b). 

This show that (1) holds. By the (1), we have 

Tij(ab, c) = T ik (a, be) - T jk (ca, b). (2.13) 

Taking b = 1 in (1) and (2.13), we have Tij(a,c) = T ik (a,c) + T k j(ca,l) and Tj^a, c) = 
T ik (a,c) — Tj k (ca, 1). Combining the two identities, we prove (2). Taking k {l,j} and 
using (1), we have 

t(a, b) = Tij(a, b) — Tij(ba, 1) 

= T lk (a,b) +T kj (ba, 1) - T Xj {ba, I) 

= T lk (a, b) - (Tij(6a, 1) - T kj (ba, 1)) 

= T lk (a,b) - T lk (ba, 1), 

which proves (3). □ 
Lemma 2.8 Every x G H can be written as the following form 

x = J2t(ai,h) + J2 Tijicj, 1 ), 

i 2<j<n 

where ai,bi, Cj G R. 

Proof. Consider Tij(a,b) (since H is generated by Tij(a,b),i ^ j ). By Lemma 2.7, we have 
the following: Suppose i — Take k {1, j}, then 

T 1:7 -(a,&) = T lk (a,b)+T kj (ba,l) 

= T lk {a, b) + T kl {ba, 1) + T^ba, 1) 

= T lk (a, b) - T lk (ba, 1) + T l3 (ba, 1)) 

= t(a, b) + Tij(ba, 1). 
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Suppose i,j 7^ 1. Then 



Tn(a,b) 



T a (ab, 1) +T lj (a,b) 

-T H (ab, 1) + t(a, b) + T^iba, 1) 

*(a,6)-(Ti i (a6,l)+7\ j (6a,l)). 



Suppose i ^ l,j — 1. Take ^ {!,«}, then 



(a, 6) 



T ik (a,b) +T kl (ba,l) 

Tii (aft, 1) + Ti fc (a, 6) - T lfe (6a, 1) 

t(a,6) - Tij(a6, 1). 



This prove the lemma. 



□ 



For later use, we need the following results which are easy to check directly by Leibniz 
identity. 

Lemma 2.9 For distinct k, I and for a,b,c G R, we have 



(1) [T^-(a,6),X M (c)] = [X w (c),7k(a,&)] = 0, 

(2) [T ii (a,6),X ifc (c)] = X ik (abc) = -[X ik (c), T^(a, 6)], 

(3) [7ij(a,&),X w (c)] = -X ki (cab) = -[X ki (c), T i:j (a, &)], 

(4) [7ij-(a,6),X fcj -(c)] = X kj (cba) = ~[X kj (c), T^(a, 6)], 

(5) [Tjj (a, 6) , (c)] = (a&c + c&a) = - [X y - (c) , (a, 6)] , 

(6) [7^(a,&),X jfc (c)] = -X ifc (6ac) = -[X jfc (c),7^(a, &)], 

(7) [t(a,6),X li (c)]=X li ((a6-6a)c) = -[^ii(c),*(a,6)], 

(8) [*(a,6),Xii(c)] = -Xii(c(a6-6o)) = -[^(c), t(a, &)], 

(9) [i(a, 6), X jk (c)} = = -fe( C ), t(a, b)} for j, k > 2. 



§3 Universal central extension of stU(R) 

In this section, we determine the universal central extension stU(R) of stU(R) and com- 
pute HL 2 (sti^(R)) without any assumption on R. 

For any positive integer m, let X m be the ideal of R generated by the elements ma and 
ab — ba, for a,b G R. One immediately has 

Lemma 3.1 (c/. [GS]) l m = mR + R[R, R] and [R, R}R = [R, R]R. 

Let R m := R/T m be the quotient algebra over K which is commutative. Write a = a+X m 
for a G R. Note that if m — 2 then a = —a in i? m . 
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Definition 3.2 We define W = R\ to be the direct sum of six copies of i?2- For 1 < m < 6, 
we iet e m (a) — (0, • • • , a, • • • , 0) be the eiement of W such that the m-th coordinate is a and 
zero otherwise. 

Let £4 be the symmetric group of {1, 2, 3, 4}. Let 

P = {(i,j,k,l) I {i,j,k,l} = {1,2,3,4}}, 

be the set of all the quadruples with the distinct components. Then S4 has a natural 
transitive action on P given by 

v((ij,k,l)) = (a(i),a(j),a(k),a(l)) for any a G S 4 . 

Clearly 

G = {(1),(13),(24),(13)(24)}, 

is a subgroup of S4 with [S4 : G] — 6. Then ^4 has a partition of cosets with respect to G, 
denoted by 

6 

S4 = |J &mG. 

m=l 

We obtain a partition of P by 

6 

P=\JP m , whereP m = ((r m G)((l,2,3,4)). 

m=l 

Define the index map 9 : P — > {1, 2, 3, 4, 5, 6} by 

6 ((i,j,k,l)) — m ii (i, j, k,l) & P m , for 1 < m < 6. 

We fix Pi = G((l,2,3,4)), then we have (1,2,3,4) G Pi and #((1,2,3,4)) = 1. 

Using the decomposition (2.9) of 5tl 4 (P), we take T as in (2.10) with n = 4. Define 
V> : T x T -> W by 

^(X ii (r),X fci (s)) = e fl (( iJ>fc) i))(fs) G W for r, s G {r A | A G A} and distinct i,j,k,l, 

and ijj = otherwise. Then we obtain the if-bilinear map ip : stU(R) x 5tl 4 (P) — > W by 
linearity. We now have 

Lemma 3.3 T/ie bilinear map ip is a Leibniz 2-cocycle. 
Proof. It suffices to prove 

J(x,y,z) := ^(x, [f/,*]) + ijj([x,z],y) -ip([x,y],z) = 0, (3.1) 
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for any x,y,z G stU(R). According to (2.9) and Lemma 2.8, the Steinberg Leibniz algebra 
stU(R) has the decomposition : 



stk(R)=t(R,R)®T 12 (R,l)®T 13 (R,l)®T 14 (R,l)(B X^R), (3.2) 

where t(R, R) is the ^-linear span of the elements t(a, b). Clearly, the number of elements of 
x, y, z belonging to the subalgebra H such that ip([x, y], z) ^ is at most one. We consider 
the following possibilities: 

Case 1: Suppose there exists exactly one of {x, y,z} belonging to H. Say, x = 
Xi 2 (a),y = X u (b) and z G H, where a,b G R (we omit the other subcases since they 
are very similar, although not identical). We can assume that either z = t(c,d), where 
c, d G R, or z = Tij(c, 1), where 2 < j < 4 and c G R. 

If z = t(a, b), then according to the Leibniz identity and Lemma 2.9, we have 

J(x,y,z)) = ij([X 12 (a),t(c,d)],X u (b)) 

= i;(-X 12 ((cd-dc)a) : X u (b)) 



Uz = T 12 (c,l), then 



-ei((cd — dc)ab) = 0. 



J(x, y,z)) = ip([X 12 (a), T 12 (l, c)], X 3 , 4 (6)) 
= ijj(-X 12 (ca + ac),X u (b)) 



= — ei((ca + ac)b) = 0. 



If z = T 13 (c, 1), then 



J(x,y,z)) = i;(X 12 (a),[X 34 (b),T 13 (c,l)]) + i;([X 12 (a),T 13 (c,l)},X u (b)) 
= iP(X 12 (a),X u (cb))+^(-X 12 (ca),X u (b)) 



= ei(acb — cab) = ei(c(ab — ba)) = 0. 

If z = T 14 (c, 1), then 

J(x,y,z) = ^(X 12 (a),[X34(6),T 14 (c,l)])+^([X 12 (a),T 14 (c,l)],X 3 4(&)) 

= 1>(X 12 (a),-Xu(bc)) +^(-X 12 (ca),X 34 (b)) 



= —ti(abc + cab) = —ei(abc — abc) = 0. 

Case 2: Suppose none of {x, y,z} belongs to H. The nonzero terms of J(x,y,z) must 
be ijj([X ik (a),X kj (b)},X kl (c)) or i/j([X u (a), Xij(b)\, X M (c)) for distinct i,j,k,l and a, b, c G R. 
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In case x = Xik(a), y = X k j(b) and z = X k i(c), we have 

J(x,y,z)) = V([^ifc(a),^«(c)],X fcj -(6))-V([^ifc(a),X fc ,-(6)],X w (c)) 

= 4>(X u (ac),X kj (b)) - i>(X i:j (ab),X kl (c)) 

= £e((i,i,k,j))(acb) — ee{(i,j,k,i)){obc) 

= €6{(i,j,k,i))(a(cb - be)) = 0. 

In case x = Xu(a),y = Xij(b) and z = Xki(c), we have 

J(x,y,z)) = ^(X li (a),[X ij (6),XH(c)])-^([X^(a),X^(6)],X M (c)) 

= if>(X a (a), -X kj (cb)) - ^XijiablXuic)) 

= -£0({i,i,k,j))(acb) - ee((i,j,k,i))(abc) 

= -€e { (i :j ,k,i))Hbc + cb)) = 0, 

where the fourth equality follows from the fact that k, I) and (i, I, k,j) are in the same 
partition of P, i.e. 9((i,j,k,l)) = 6((k,l,i, j)). This is because that if (ijkl) = <r((1234)) 
(where a E S 4 ), then (ilkj) = (a o (24)) ((1234)). The proof is completed. □ 

We therefore obtain a central extension of Leibniz algebra stU(R): 

-> W -> fi«4(i2) A stl 4 (i?) -> 0, (3.3) 

i.e. 

St[4(i?)=W®5t[ 4 (i?), (3.4) 

with bracket 

[(c,x), (c',y)] = (il>(x,y), [x,y]), 

for all x,y £ stU(R) and c, c' G W, where 7r : yV(BstU(R) — > stl^i?) is the second coordinate 
projection map. Namely, (stU(R), n) is a central extension of stl^R). We will show that 
(stU(R),7c) is the universal central extension of stt 4 (-R). To do this, we define a Leibniz 
algebra stU(R)^ to be the Leibniz algebra generated by the symbols XfJa), a <E R and the 



fT-linear space W, satisfying the following relations: 

Xi/faa + k 2 b) = hXi/ia) + faX^) for a, 6 E R, k u k 2 e K, (3.5) 

[4(a), *],(&)] = -[X* k (b), 4(a)] = 4(a6) for distinct i, j, fc, (3.6) 

4(a), W] = = [W, 4( a )] for distinct i, j, (3.7) 

4(a), 4( 6 )1 = for distinct i, j, (3.8) 

4(a), 4(6)] = for distinct k, (3.9) 

4(«)> 4'( 6 )] = for distinct i,j, k, (3.10) 

4( a )>4( fo )] = e e((i,j,fc,0)( a& ) for distinct j,k,i,l, (3.11) 
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where a, b G R, 1 < i, j, k,l < 4. Since 1 G -R, we see si\&(R)* is perfect. Clearly, there is a 
unique Leibniz algebra homomorphism p : st[ 4 (-R)" — > sti 4 (i?) such that p(Xfj(a)) = Aj^a) 
and p|w = id. One can easily observe that p is actually an isomorphism. Namely, 

Lemma 3.4 p : 5t[ 4 (i?) t) — > st[ 4 (i?) is a Leibniz algebra isomorphism. 

The analogue of the following theorem for Lie algebra was obtained in [GS]. However, in 
our case, since the skew-symmetry does not hold for Leibniz algebras, we need to find some 
different approach to solve the problem. 

Theorem 3.5 (stl^R), ir) is the universal central extension of st[ 4 (i?) and hence 

HL 2 (stl 4 (R)) W. 

Proof. Suppose 

-> V -> s«4(i2) ^> 5t[ 4 (i?) -»• 0, 

is a central extension of stl 4 (i?). We must show that there exists a Leibniz algebra homo- 
morphism rj : stU(R) — > st[ 4 (i?) such that r or] = n. By Lemma 3.4, it suffices to show that 
there exists a Leibniz algebra homomorphism £ : 5t[ 4 (i?)" — > st[ 4 (i?) such that r o £ = 7r o p. 

Using the if-basis {r\ | A G A} of R, we choose a preimage X^^a) of Aj^a) under r for 
1 < * 7^ j < 4 and a G {rA | A G A}. For distinct «, j, k, let 

[X ifc (a), X fcj (6)] = A^(afc) + p%{a, b), 

where pfj(a,b) G V. Similar to the discussions in [GS] (replacing of the Jacobi identity by 
Leibniz identity (2.1)), we obtain that p,^(a,b) is independent of the choice of k and by 
re-choosing the preimage X ik (a), we can suppose as in [GS], 

[X ik (a),X kj (b)]=X ij (ab). (3.12) 

We also need to consider the bracket [X k j(b), X ik (a)\ for a, b G R and distinct i,j,k since 
there is no skew-symmetry for Leibniz algebras. Our approach is different from that in [GS]. 
Let 

[X kj (a),X ik (b)] = -Xij(ba) + fcj(a,b), 
where fMj(a, b) G V is independent of k as in /i^(a, b). Take distinct k, I, then 

[X fc ,(a),Xy(c)],5i fc (6)] = [X fcj (ac),X jfc (6)]. (3.13) 

The left-hand side of (3.13) is, by Leibniz identity (2.1), 

X kl (a), [X^Xkib)]]] + \[X k i{a)Xk{b)]XiM = [-X^ba) = -X^bac), 
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since [Xij(c), Xik(b)] G V. On the other hand, the right-hand side of (3.13) is —Xij(bac) + 
flij(ac,b). Thus flij(ac,b) = 0. In particular, taking c = 1, we have fMj(a, b) = 0. Therefore 

[X kj (a),X i k(b)] = -X ij (ba), (3.14) 

for a, b e R and distinct i, j, k. Now (3.12) and (3.14) imply (3.6). 
Next for k ^ i, k ^ j, we have 

[X t ,(a),X tJ (b)} = \x i3 {a),[X lk {b),X k3 {l)} 

= [[X 4J (a),X jfc (6)],X fcj (l)] - [ l % 1 {a),X k] {l)l% k {b)_ 

= 0-0 = 0, (3.15) 

as both of [Xij(a),X ik (b)} and [Xij(a),X k j(l)] are in V. Thus, relation (3.8) is obtained. 
To obtain relation (3.9), take / ^ {i,j, k}, then by Leibniz identity (2.1), 

[X ZJ (a),X lk (b)} = [x tJ (a),[Xu(b),Xi k (l)]_ 

= 0-0 = 0, (3.16) 

since [Xij(a),Xu(b)], [Xy(a), X^(l)] e V. Similarly, we have 

[X ij (a),X kj (b)]=0, (3.17) 

for distinct i,j,k, i.e., we have relation (3.10). 

To verify (3.11), set Tij(a, b) = [Xij(a),Xji(b)]. The following brackets are easily checked 
by the Leibniz identity. 

[fy(a,6),X ifc (c)] = X ik (abc) = -[X ik (c), f^a, b)], 
[f i:j (a, 6) , X kj (c)] = (c6a) = - [X kj (c) , X \j (a, 6)] , and 
[T^(a,&),^(c)] = = [5fc,(c),^-(a,6)]. 

Then we have 



(3.18) 



[7;j(a,6),X -(c)] = [lij(a,6), [X ife (c), X fci (l)] 

= JT^- (a, 6) , ^ (c)] , ^ ( 1 ) J - [[T^(a,6),X fej (l)],X ife (c) 
= Xij(abc) — (-Xij(cba)) = Xij(abc + cba), 

for a,b,c E R and distinct i, j, fc, I. Similarly 

[Xij(c),fij(a,b)] = —Xij(abc + cba). 



(3.19) 
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Next, for distinct i,j,k,l, let 



[X fj (a),X u (b)]=v%(a,b), 
where i/g(a,&) G V. By (3.18) and (3.19), 

2i/g(a,&) = [X u -(2a),X H (6)] = [[^(l,!),^)],^ 



— ^ij ( 1 , 1) , [Xij (a) , X fci 
= + = 0. 



+ 



[T^(l,l),X w (&)],^(a) 



So 

i/gM) = -i/g(a,&). (3.20) 

Using Leibniz identity (2.1), we have 

v%{bc,a) = [[X ik (b),X k i(c)],X kj (a) 

= X ik (b), [X kl (c),X kj (a)] + [X ik (b),X kj (a)],X kl (c) 
= [Xij (ba) , X kl (c)] = i/jg (6a, c) . 

Taking c = 1 and 6=1 respectively, we have v l k l -{b,a) = v k \{ba, 1) and v l k l -(c,a) = v kl (a,c). 
It then follows that 

^(M = ^M) = ^'(&M), (3.2i) 

where a,b e R and i, j, fc, / are distinct. So v l k ](R, R) = v k ](R, 1)- 
Moreover, by (3.19), we get 

(a&c + c6a, d) = [X^- (a&c + cba) , X M (d)] = [Ty (a, 6) , (c)] , X M (d) 

= '^(a,&)J^-(c),X w (d)]] + [[^(a^XMlXijic) 

= [f l3 (a,b),4(c,d)] + [OXM = 0- (3-22) 

Taking c — d—1 gives ^(aft + 6a, 1) = 0, i.e. 

4(a,b) = 4(ba,l) = -4(ab, 1) = v£(ab, 1) = i/g(6,a). (3.23) 

Letting c = 1 in (3.22) and using (3.21) and (3.20), we get 

v l ki(d(ab - ba), 1) = v l k \{ab - ba, d) = v l k \[ab, d) - v l k \(ba, d) 
= 4(ab,d) + ul\(ba,d) 

= v%(ab + ba,d) =0, (3.24) 
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for a,b,c,d G R and distinct i, j, k, I. 

As for the other equalities of (3.11), let 

[X kl (b),X lJ (a)] = -4(a,b) + u', 

where v kl {a,b), v' G V. By Leibniz identity (2.1) and (3.21), (3.20), we have 



X kl (b),[X ik (a),X kj (l)\ 



[X kl (b),X ik (a)},X kj (l)\ - [[X kl (b),X kj (l)],X ik (a) 
= [-X a (ab),X kj (l)}-0 
= -i/«(a6,l) = -i/«(6,a) = -i/g(a,6). 



So v' = 0, and 



[X kl (b),X t ,(a)] = -4(a,b). 
Note that, (3.20) and (3.24) show 

i/g(^,l) = 0, 



(3.25) 



(3.26) 

where Z2 = Span{2a, c(a6 — 6a) | a, 6, c G -R)} (cf. Lemma 3.1). Moreover, for any a G R, by 
(3.20), (3.21), (3.23) and (3.25), we get 

vll(a, 1) = ^(a, 1) = ^(a, 1) = ^(a, 1). 

It shows that the subgroup G = {(1), (13), (24), (13)(24)} of S 4 fixes v\l{a, 1). Now similar 
arguments as in [GS] complete the proof of the theorem. □ 

§4 The second homology group HL 2 (stl 3 (R)) of stl 3 (R) 

In this section we compute HL 2 (stl 3 (R)). Recall from Lemma 3.1 that X 3 = 3R+R[R, R], 
and R 3 = R/I3 is an associative commutative i^-algebra. 

Definition 4.1 Denote U. = R\, and we also use R%\i = —3, —2, • • • , 3 to denote a copy of 
i? 3 . For a G -R3, will denote the corresponding element (0, • • • , a, • • • ,0) in U. 

For convenience, for 1 < m ^ n < 3 we use the symbol: 

1, if m < n, 
— 1, if m > n. 

Take V as in (2.10) with n = 3. We define ip : T x T -> U by 

^ j (r),X ifc (s)) = sign(j,A;)(fs)W 

iP(X tJ (r),X kl (s)) = sign(i,A;)(fs)(-^, 

for r, s G {r A | A G A} and distinct fc, and ip(x,y) = otherwise. Then *0 can be 
extended to a bilinear map 5tl 3 (i?) x st( 3 (i?) — > W. We have 



sign(m, n) 
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Lemma 4.2 The bilinear map ip is a Leibniz 2-cocycle. 

Proof: Similar to the proof of Lemma 3.3, we show J(x,y,z) = for x,y,z G stl 3 (R) 
(cf. (3.1)). We have the decomposition, 

stl 3 (R) = t(R,R)®T 12 (R,l)®T 13 (R,l)® X tj (R). (4.1) 

l<i#<3 

As in the proof of Lemma 3.3, we can suppose at most one of {x, y, z} is in the subalgebra 
H. We consider the following cases. 
Case 1: Suppose z G H. 

We first verify two subcases x = X 12 (a),y = X 13 (b) or x = X 2 i(a),y = X 31 (b) for 
a,b G R. By (4.1), we may assume that either z = t(c, d), where c, d G R, or z = 7\j(c, 1), 
where 2 < j < 3 and c & R. 

In case x = X i2 (a),y = X i3 (b), we have, according to the Leibniz identity, if z = t(c, d), 
then 

J(x,y,z)) = ^(X 12 (a),[X 13 (b),t(c,d)])+^([X 12 (a),t(c,d)},X 13 (b)) 

= -4>(X 12 (a),X 13 ((cd-dc)b))-ij(X 12 ((cd-dc)a),X 13 (b)) 
= -(a(cd - dc)b + (cd - dc)ab) {1) = 0. 

If z = T 12 (c, 1), then 

J(x,y,z)) = ij>(X 12 (a), [X 13 (b),T 12 (c, 1)]) + ^([X 12 (a), T 12 (c, l)],X 13 (b)) 

= i/>(X 12 (a), -X 13 (cb)) + i){-X l2 {ca + ac),X 13 (b)) 

= -(acb+ica + a^b) 1 = -(3^6c) {1) = 0. 

If z = T 13 {c, 1), then 

J(x,y,z)) = iP(X 12 (a),[X n (b),T 13 (cA)]) + ^([X 12 (a),T 13 (c^)],X 13 (b)) 
= ^(X 12 (a),-X 13 (cb + bc))+^(-X 12 (ca),X 13 (b)) 
= -(a{cb + be) + cab) 1 = -(3abc) {1) = 0. 

In case x = X 2 i(a),y = X 3i (b), if z = t(c,d), then 

J(x,y,z)) = ^(X 21 (a),[X 31 (b),t(c,d)])+^([X 21 (a),t(c,d)},X 31 (b)) 

= ^(X 21 (a),X 31 (b(cd-dc))) + iP(X 21 (a(cd- dc) ),X 31 (b)) 

= ((ab(cd - dc) + a(cd - cfc)6)) (_1) = 0. 

If z = Ti 2 (c, 1), then 

J(x, y, z)) = ^(X 21 (a), [X 31 (b),T 12 (l, c)}) + ^([X 21 (a),T 12 (c, l)},X 31 (b)) 
= ^(X 21 (a),X 31 (bc))+^(X 21 (ca + ac) , X 31 (b) ) 
= (abc + (ca + ac)6) ( - 1} = (3^) ( " 1} = 0. 
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If z = Ti 3 (c, 1), then 

J(x,y,z)) = iP(X 21 (a),[X 31 (b),T 13 (c^)]) + ^([X 21 (a),T 13 (l,c)],X 31 (b^ 
= 4> (X 21 (a) , X 31 (cb + bc))+^j (X 21 (ac) , X 31 (b) ) 
= (a(cb + be) + acbf-^ = (3a&c) (_1) = 0. 

As for the other subcases, they are similar to the above subcases except the following 
subcase: x = X 23 (a),y = X 2 i(b) and z = t(c, d). In this situation, we have 

J(x,y,z)) = ^(X 23 (a),[X 21 (b),t(c,d)]) + ^([X 23 (a),t(c,d)],X 21 (b)) 
= ^(X 23 (a),X 21 (b(cd-dc)))+ij(0,X 21 (b)) 
= -{ab{cd - dc)) {2) = 0. 

Case 2: Suppose there is none of {x, y,z} belonging to H. Then the nontrivial terms 
of J(x,y,z) must be ip([X ik (a), X kj (b)], X ik (c)) or ip([X ik (a), X kj (b)], X kj (c)) for a,b,c e R 
and distinct i, j, k. 

If: x = X ik (a), y = X kj (b) and z = X ik (c), then 

J(x,y,z)) = tp(X ik (a),[X kj (b),X ik (c)]) - tp([X ik (a), X kj (b)], X ik (c)) 
= ip(X ik (a), -Xij(cb)) - ip(X i:j (ab),X ik (c)) 
= -sign(k,j)(acb - a6c) w = 0. 

If x = X ik (a), y = X k j{b) and z = X k j(c), then 

J(x,y,z)) = ip([X ik (a),X kj (c)],X kj (b)) - ip([X ik (a), X kj (b)], X kj (c)) 
= V(^i(«c),X fci (6)) -^(X i:j (ab),X kj (c)) 
= sign(i, k)(acb — abc)^ = 0. 

The proof is completed. □ 
It is similar to the stU(R) case, we obtain a central extension of stl 3 (R): 

-> U -> sih(R) A sU 3 (R) -> 0, (4.2) 

i.e. 

stt 3 (R)=U®sih(R), (4.3) 
and define st[ 3 (i?) tt to be the Leibniz algebra generated by the symbols Xfja), a G R and 
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the ^-linear space U, satisfying the following relations: 




(4.4) 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 



where a, b e R, 1 < k < 3 are distinct. Then stL^-R)" is perfect and there is a unique 
Leibniz algebra homomorphism p : stl 3 (R)$ — > stl 3 (i?). 
As in Lemma 3.4, we have 

Lemma 4.3 p : stls(R) 1 ^ — > 5t[ 3 (i?) ^ a Leibiz algebra isomorphism. 

Now we can state the main theorem of this section. 

Theorem 4.4 (stl 3 (it!), 7r) £/ie universal central extension of stls(R) and hence 



Proof. The idea to prove this theorem is similar to that in the proof of Theorem 3.5. But 
there are some slight differences. The point is that since 1 < i, j, k < 3, if k are distinct, 
then k is uniquely determined once i,j are chosen. 



is a central extension of st[ 3 (i?). We must show that there exists a Leibniz algebra homo- 
morphism i] : stl^R) — > stl 3 (i?) so that r o r] = ir. Thus, by Lemma 4.3, it suffices to 
show that there exists a Leibniz algebra homomorphism £ : stl 3 (-R)" — > stl 3 (i?) such that 
r o £ = 7r o p. Choose a preimage X i j(a) of Xy(o) as in Section 3, we need to check that 
relations (4.4)-(4.9) are satisfied. 



for a,b G R and distinct i,j,k, where /Xy(o, 6), pji(b,a) e V. Then by Leibiz identity and 
the definition of Ty(a, 6), we have 



HL 2 (sil 3 (R)) = U. 



Suppose 



-> V -> stl 3 (i2) 5« 3 (i2) -> 0, 



Again set 



Tij{a,b) = [Xi^^jiib)}, 
[X ik (a),X kj (b)] =Xij(ab) + /%(a, b), 
[X kj (b),X ik (a)} = -Xij(ab) +p^i(b,a) 



[Tij(a, b),X ik (c)] = X ik (abc) + p ik (a, be). 
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On the other hand, we also have 



[Tij(a,b),Xi k (c)] = Tij(a,b), [X i:j (l), X jk (c)] 

= ]f lJ (a,b),X i3 (l)lX jk (c)} - [[f ij {a,b),% k {c)lX i AV_ 

= [Xijiab + ba),X jk (c)] - [-X jk (bac), A^-(l)] 

= X ik (abc) + X ik (bac) + /i ik (ab, c) + n ik (ba, c) - X ik (bac) + jj^i(bac, 1) 

= X ik (abc) + fi ik (ab, c) + /j, ik (ba, c) + Jlkiipac, 1). 



So we get 

fi ik {a, be) = fi ik (ab, c) + n ik {ba, c) + JIki(bac, 1). 
Taking b = 1 in (4.10) gives 

Hik{a,c) +Jik~i(ac, 1) = 0. 

It follows that 

H ik (a, c) = -Jj^i(ac, 1) = /i ife (l, ac) = ii ik (ac, 1). 
Similarly, by Leibniz identity, we have 



(4.10) 



(4.11) 



(4.12) 



l),X ifc (a6)] = X ik (ab) +/i ik (l,ab) 
\fv(l^),Xv(a)],X jk (b)] - [fe(l,l),^. fc (6)],^.(a) 
X ifc (a6) + 2/i ifc (a, 6) + a), 



which yields 

fii k (l, ab) = 2/j, ik (a, b) + a). (4.13) 
From (4.12) and (4.13), we have 

Hi k {a, b) + ^(b, a) = 0. (4.14) 
Now replacing Xy(a) by -^(a) + //jj(l,a) which satisfies (4.4), we have at once 



(a) , X kj (&)] = Xij (ab) , 
[X kj (b),X ik (a)] = -Xij(ba), 



(4.15) 
(4.16) 



for a, 6 G -R, distinct i, j, k. This gives (4.5). The proof of relation (4.7) is exactly the same 
as (4.13). 
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To show Xij(a) satisfies (4.8) and (4.9), we define 

[X ij (a),X i k(b)] = u} k (a,b) and LY^(a), X kj {b)\ = vf (a, b), 
where v) k {a, b), z^ fc (a, b) £ V. Then 

i/j fc M) = [X tl (a),X tk (b)) = [Xy(a),[X y (l),Ai Jfc (6)[ 
= -[X ik (ab)Xj(l)] = -K j (ab,l). 



and 



So we have 



[a,b) = \X l3 (a),X lk (b)] = [[X ik (a),X kj (l)],X ik (b) 
= [X lk (a),-X tJ (b)] = -ul 3 (a,b) 
= ]x ik (l),X kj (a)],X ik (b) 
= [X ik (l),-X ij (ba)] = -uj cj (l,ba)- 



*4( a > 6 ) = -v l k Aa,b) = -vUab, 1) = -vUl,ba)- 



Moreover, we have 

0= [f t ,(l,l),[X t ,(a),X tk (l)] 

= ~[f tJ (l,l),X tJ (a)},X tk (l)]\ [[T y -(l,l),X lfc (l)],X y -(a)_ 

= 2[X ij (a),X ik (l)\ - [X ik {l)XM)\ 

= 2i/j fc (a,l)-i/*,-(l,a) 

= 2i/j fc (l,a) + i/j fc (l,a)=i/j fc (l,3a). 

Similarly, we have 

uf(a, b) = v?(b, a) = uf(ab, 1) = -vf (a, b) = -vf{ba, 1), 



and 



vf (1,3a) = 0. 



(4.17) 



(4.18) 
(4.19) 



(4.20) 
(4.21) 
(4.22) 



Set t(a, b) = Tij(a, b) — Ty(6a, 1), which does not depend on the choice of j. By the Leibniz 
identity and (4.19)-(4.22), we have 

0= [t(a,b),[X 12 (l),X 13 (c){ 
= ]t(a,6),X 12 (l)],X 13 (c)]] - [[t(a,b),X 13 (c)],X 12 (l)~ 
= [X 12 (ab-ba),X 13 (c)\ - [X 13 ((ab-ba)c),X 12 (l)\ 

= v 23 (ab — ba, c) — v\ 2 {{ab — ba)c, 1) = v\ z {{ab — ba)c, 1) + v\ z {{ab — ba)c, 1) 
= i>l 3 (2(ab — ba)c, 1) = 1^3 (1, 2(a6 — ba)c) = — v 23 (l, (ab — ba)c), 
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i.e. ^23(1, (ab — ba)c) = 0. We also have 



0=[t(a,b),[X 12 (l),X 32 (c)\ 
= \t(a,b),X 12 (l)],X 32 (c)} 
= [X 12 (ab-ba),X 32 (c)} 



= u^(ab — ba, c) = v 2 3 (c, ab — ba) 



v™((ab-ba)c,l) 



u^(l,(ab-ba)c). 



More generally, 



i/j fc (l, (ab - ba)c) = and vf (1, (afe - 6a)c) = 0, 



(4.23) 



for a, b, c G i? and distinct 1 < i, j, k < 3. Above discussions prove 



i/j fc (l,X3) = 0andi/f(l,X 3 ) = 0. 



(4.24) 



Now similar arguments as in [GS] complete the proof of the theorem. 



□ 
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